A RELATIVE OF THE LEMMA OF SCHWARZ* E. F. BECKENBACH 1. Introduction. Let w=f (z) , where z = u+iv, be analytic for \z\ <1, and let d{r, 6; ƒ') = | /(re«) -/(O) | = I f * f(pe")dp I, so that d(r, 0; ƒ') is the length of the segment on the w-plane between the image of the point 3 = 0 and the image of the point z = re ie . The lemma of Schwarz is the following: 
The sign of equality holds in (1) (for r^O) and in (2), if and only if \f r (z) |=1; that is, if and only if the transformation w=f(z) is a rigid motion.

If the (real) function g(z) is subharmonic for \z\ <1, then the Lebesgue integral
Kr, 6; g) = f g( P e ie )dp J o actually exists. We shall prove the following theorem: THEOREM 2. Let g(z) be subharmonic f or \z\ < 1. If is the length of the image on the w-plane of the segment between the points 3 = 0 and z = re ie . The following theorem, which is a special case of Theorem 2, appears to be rather closely related to the lemma of Schwarz : Let the real functions
have continuous derivatives of the third order with respect to u, v, in \z\ <1, with
where E, F, G are the fundamental quantities of the first order, so that the functions (8) give an isothermic map of \z\ <1 on a surface 5, that is, a map which is conformai except at points where X = 0. The Gaussian curvature K is defined on 5 except at points where \ = 0. Theorem 3 is a special case of Theorem 4. A generalization of Theorem 1 to isothermic maps on minimal surfaces, similar to the above generalization of Theorem 3 to isothermic maps on surfaces of non-positive curvature, previously has been given.* Since K^0 on minimal surfaces, Theorem 4 applies in particular to minimal surfaces.
An easily obtained generalization of Liouville's theorem is that if F{z) = F(u+iv) is a harmonic function of u and v in the entire finite plane and is bounded, then F(z) is identically constant. It follows that if the functions (8), not necessarily satisfying (9), are harmonic in the entire finite plane, and if the corresponding surface S is bounded, then 5 reduces to a point. In particular, since the coordinate functions of a minimal surface in isothermic representation necessarily are harmonic, if the functions (8) give an isothermic representation of the entire finite plane on a minimal surface S, and if S is bounded, then S reduces to a point.
From Theorem 4 we shall obtain the following similar generalization to space of Liouville's theorem: Finally, we shall point out certain forms which our results show to be positive definite and shall add a further algebraic proof that these forms are positive definite.
2. Subharmonic functions and functions of class PL. In this section we present the definitions of subharmonic functions and functions of class PL and list the results concerning these functions which we shall use in the sequel. 
2.4. If a real function g{z) admits continuous second derivatives, then a necessary and sufficient condition that g(z) be subharmonic is that its Laplacian be non-negative: 2.11. If, instead of converging uniformly in D', the sequence {gn(z)} of 2.10 satisfies
in D', then \g n {z)} converges either to a subharmonic function or to -oo (or converges either to a function of class PL or to zero) throughout D.
3. Lemma. Of the three related results of this section, only 3.1, restricted to the easily proved special case in which g(z) is continuous, will be used as a lemma in proving Theorem 2. The others are included for the sake of completeness.
If g{z) is subharmonic in \z\ <1, then the f unction
Kre") =-f g(pe»)dp 9 r * 0, (14) r J 0 *(0) =g (0) k)dp is subharmonic in r<l -l/k. Further, by 2.9,
and by 2.6 the integral (14) exists; hence and* that is, f r g(pe*;k)dp> f r g(pe*)dp,
Therefore, by 2.11, h(re id ) is subharmonic. Similarly, we have the following result:
If p(z) is of class PL in \z\ < 1, then the f unction
1 rr q(re ld ) = -I p(pe l6 )dp, r ^ 0, r Jo (4) and (5) follow from (15) and the definition of h(re ie ).
5. On Theorems 3 and 4. If f(z) is analytic, then \f(z)\ is of class PL. Indeed, if/(s) ?^0 in a domain Z), then log \f(z) |, which is the real part of the analytic function log/(s), is harmonic there, and hence, by 2.4, is subharmonic.
Again, if for the functions (8) the equations (9) are satisfied, then the Gaussian curvature K of the corresponding surface 5 is given, wherever it is defined, by 1 K = AlogX.* X Hence, by 2.4, K^O wherever K is defined on 5 if and only if \(z) is of class PL in \z\ <1.
Since \f f (z) | and X(s) are of class PL, they are subharmonic by 2.3, so that Theorems 3 and 4 follow as particular cases of Theorem 2. Indeed, Theorem 3 is a particular case of Theorem 4, with i£ = 0.
Though |/'(s)| and X(s) are of class PL, we have used only the weaker condition that they are subharmonic. There actually exist conformai maps on surfaces S with K>0 for which \(z) is subharmonic, and for these maps Theorem 4 still holds. However, \(z) is subharmonic for all isothermic maps of z domains on a surface S if and only if K^O wherever K is defined on S;f so the condition that \(z) is subharmonic can be used for the surface 5 irrespective of the isothermic parameters if and only if K ^ 0 wherever K is defined on S. Keeping z = re ie constant and letting R tend to °o, we obtain Kr, 0; X) = 0.
* See E. F, Beckenbach and T. Radó, Subharmonic functions and surfaces of negative curvature, Transactions of this Society, vol. 35 (1933) where b n = 2na n r n~1 e nid . Since, by 3.1, h(r t 6; <j>4>) is subharmonic, the expression (16) is nonnegative by 2.4. On the other hand, we shall show directly that (16) is non-negative and thus obtain an alternative proof of Lemma 3.1 for the special case under consideration.
That the Hermitian form (16) * Suggested by Professor H, E. Bray.
